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Stability of Partially Lined Combustors with
Distributed Combustion

M. R. BAER,* C. E. MITCHELL,| AND W. R. ESPANDER|
Colorado State University, Fort Collins, Colo.

An integral method for theoretical evaluation of the stability of confined flows with mass sources is presented.
This method is applied to evaluate the effect of partial length acoustic liners on liquid propellant combustors
with distributed combustion sources. The combustor is modeled as a right circular cylinder terminated by a
"multiorifice" (constant Mach number) nozzle. The spatial spread of combustion in the chamber is represented
by an arbitrary number of pressure sensitive planar mass sources. On the cylindrical periphery of the chamber
is an acoustic absorber of arbitrary length, position, and damping capability. Integral equations are developed
from the partial differential equations describing the nonsteady flow and are solved iteratively. Results are given in
terms of linear neutral stability plots using a pressure sensitive combustion response. Calculations indicate that
increasing the axial spread of combustion increases the stability of the combustor and the effectiveness of the
absorber. The most effective liner placement appears at the location of greatest combustion concentration.

Nomenclature
a = speed of sound
G(R/R0) - Green's function
GN(R/R0) = modified Green's function
G = nozzle response = l/7 + j5no//M5
h = enthalpy
i = unit imaginary = (— 1)1/2

/ = ith continuous flow region
j = positive integer
Jm = Bessel function of the first kind of order m
K = liner impedance = l/y/?c
/ = positive integer
L = chamber length
M = Mach number
m = positive integer
m = mass generation flux
n = positive integer or interaction index
N = combustion response
n = outward unit surface normal vector
P = pressure
q = velocity
r = radial coordinate
R = radius of chamber
R = position vector
R0 = Green's function source position vector
S — surface area of liner in region i
Sno7 = nozzle surface area
Sinj = injector surface area
Sy = surface area of planar source
t = time
T — temperature
u = axial velocity component
ut = droplet velocity
V = volume
X = liner length
Xl — length from injector to the beginning of the liner
X2 = length from the injector to the end of the liner
Z = axial coordinate
Z^ = axial coordinate for the £,- combustion source
j5jnj = acoustic injector admittance = M^l/y — N)
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f$c = liner acoustic admittance
Pnoz = nozzle acoustic admittance
y — ratio of the specific heats
nimn = acoustic eigenvalue for /, m, n
0 = circumferential coordinate
*im = roots oUm'(Almr)\r=1 =0
A /TOI

1/2 = normalization constant of the eigenfunctions
/iiln = coefficient matrix in the velocity potential expansions
p = density
a — entropy
T = sensitive time lag
cf) = velocity potential
\\i = normalization constant for the potential
Qmn = eigenfunction with wave numbers /, m, n
co = complex frequency
co0 = reference frequency = 1.84118
£. = combustion source i
£ — total number of continuous flow regions
dn, n = Kronecker Delta
6(R-R0) = Dirac Delta

Subscripts
ct = quantity evaluated on the chamber cylindrical periphery

within region i
inj = injector quantity
i = quantity pertaining to the ith continuous flow region
noz = nozzle quantity
£ = quantity evaluated at the entrance of the nozzle
£,- = quantity evaluated at the ith combustion source

Superscripts
0 = stagnation quantity

— perturbation quantity
* — dimensional quantity

j_ = approximation of order j
= steady-state value
= chamber quantity with no liner present
= designates particular mode integers (I, m, n)

Introduction

SINCE the 1950's, the unsteady behavior of gaseous flow
within combustion chambers has been the subject of extensive

analysis by many researchers. Owing to mathematical difficulties
inherent in this problem these models have been idealized for
special cases. For example, within the realm of high-frequency
combustion instability, stability has been studied for combustors
with low Mach number flow,1 combustors with special geo-
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metrics2 and combustors with a single concentrated combustion
source.9

Current interests in mechanical damping devices for com-
bustion instability (acoustic liners, baffles, etc.) has motivated
more research and has simultaneously, increased the complexity
of the problem. Oberg and Kuluva6 bypassed some difficulties
by studying the stability influences of an acoustic liner on a
combustor modeled with no mean flow or nozzle influences.
Priem and Rice7 carried out an analysis including these influences
in an approximate way for a combustor with a full length
acoustic liner and a concentrated planar source of combustion
at the injector face. A more general and accurate integral method
was developed by Mitchell, et al.,9 studying the influences of
partial length acoustic absorbers on a comparable combustor
model.

Partial length acoustic liner influences on combustors modeled
with an arbitrary axial spread of combustion, in contrast with
the concentrated combustion or low Mach number mean flow
models, haven't been previously treated.§ Therefore, the intention
of this work was to develop an analytic model to determine
the linear stability behavior of combustion chambers with distri-
buted combustion and partial length liners.

The present study represents the distributed combustion
occurring in the combustor through the use of planar flow
discontinuities incorporating gaseous mass production. The axial
spread of combustion sources and specification of their strengths
then defines the combustion distribution being considered. An
integral method is then developed and applied to the resulting
discontinuous gasdynamic flow equations in order to determine
the combustor's stability behavior. Results are given in terms of
the combustion response model used to predict the response
of the planar sources to pressure perturbations.

Model and Assumptions
The integral method presented herein is applied to evaluate the

stability of combustors with distributed combustion sources and
partial length acoustic liners. Three-dimensional oscillations are
studied in a combustion chamber modeled as a right circular
cylinder terminated by a "multiorifice" (constant Mach number)
nozzle.3 The acoustic absorber (i.e., series of Helmholtz
resonators) lines the cylindrical periphery of the chamber and is
of arbitrary length, axial position and damping capability.

In order to simplify the analysis the combustion process within
the chamber is modeled as a vapor generation process which
occurs instantaneously at specified locations. The unperturbed
gaseous field is, therefore, represented as a series of uniform

flow regions with planar combustion sources connecting con-
secutive regions (Fig. 1). Due to mass addition, the combustion
sources, which are distributed axially down the chamber, dis-
continuously change the character of the flow from region to
region.

The gasdynamic field between consecutive combustion sources
is assumed to be composed of thermally and calorically perfect
combustion gases with no heat-transfer or diffusion processes
taking place. (The liquid phase presumably occupies a negligible
volume within each region.) Within each region the flow is
assumed to be inviscid with no momentum exchange between
the gaseous phase and the liquid phase in the form of droplet
drag. Consequently, it is consistent to take the flow to be
irrotational.

Analysis
A first-order linear perturbation method is used in this analysis

which limits the oscillations to small amplitudes. From the
linearized system of equations a Green's function method is
used to obtain the first-order perturbations of the state variables.
This analytical treatment is most appropriate for this problem
because of the discontinuous boundary conditions for the gaseous
field caused by the acoustic liner and the combustion sources.

Before these methods are applied, the state variables are non-
dimensionalized by mean steady-state gas conditions at the
injector (i.e., p = p*/pin*, q = <?*Mnj*> etc.). The independent
variables are nondimensionalized as t = t^/a^^R*, z = z*/R*,
r = r*/R*.

The nondimensional governing equations for a given con-
tinuous flow region (jth region located between ith and ith + 1
sources) can then be written as

dpjdt + V • (pt qf) = 0 (continuity)
= 0 (momentum)

(1)
DaJDt = 0 (entropy)

Pi^PiTt (state)
q. = V(/>f (irrotationality)

There are £ sets of the previous equations, corresponding to £
regions of uniform flow in the steady state.

The steady- state solution to the preceding equations require
that all the P., u{, etc., are constants and discontinuously change
across each combustion source. The steady-state solutions are
therefore represented as

rife = Pi+i"i+i-Pi"i
Pt - M^MJ - M,) + 1 +ypt u^-u^

§ A stability study of a fully lined combustor with a low Mach
number mean flow combustion distribution can be found in Ref. 10,
pp. 139-146.

From an energy balance across the combustion sources the
following is obtained
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/z-° = const (i = 1,2,...,£) where
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where u1 is the steady-state gas velocity at the injector face.
(ui is zero unless there is a planar source of combustion
coincident with the injector face.)

The state variables, except entropy, are then expanded in a
power series of some amplitude parameter (g), i.e.,

477

Perturbations of entropy are neglected due to the small over-all
effect they produce on the problem.4

The time dependent part of each perturbation is assumed to
take the form eltot, co = a.R + icLj represents a complex frequency
so that growth, decay, or neutral perturbation behavior is
represented, respectively, by a negative, positive, or zero valued
a,.

With the preceding assumptions a first-order linearization is
made which yields the following set of equations:

(2)

(3)

(4)

A flow response between the pressure and the gas velocity is
assumed to characterize the boundary conditions at the injector,
nozzle and the acoustic liner.7 These relationships measure the
extent of energy addition or dissipation on the various surfaces.
Mathematically, the boundary conditions are expressed as
follows:

dz

dr

~8~ Pinj 5

(5)

dz z = L/R

af— /? -2- P '— Pnoz r£
z = L/R

Anj' Pnoz> PC are> respectively, the injector, nozzle, and acoustic
liner admittances, with /?c = 0 over the unlined portion of the
chamber's cylindrical periphery.

The remaining 2(£ — 1) boundary conditions necessary for the
complete solution are obtained from the conservation of mass
and momentum across the combustion sources. These "jump"
relationships for the ith source located at £. are as follows:

Pi +! ut + i = mc£ + pt ut (continuity)
Pi+1 — Pi = yrhy ul — ypi + 1uf+ ± + ypt u2 (momentum)

where ut = droplet velocity and m^ = mass generation flux for
ith source.

A relationship for m[-., the perturbed mass generation rate of
the combustion sources, is then adopted by using the Crocco
n — i theory.5 This model of combustion relates the mass flow
perturbations to the pressure perturbations through the use of two
parameters n, the interaction index, and i, the time lag. This
relationship takes the form

where N = the combustion response = n(\ — e~

(6)

Using this combustion model a linearization of the "jump"
relations produces the first-order matching conditions which
take the following forms:

T (Pi + P i + l )

--

C

ci,f C2,t> C3,i' Q,i. cs,i- and Q,i are constants dependent
upon the values of the steady-state variables of the zones
adjacent to the ith combustion source.

The velocity potential (a Fourier expansion of the dis-
continuous collection of </>.') is then found using a Green's
function approach.

The Green's function, G(R/R0), is introduced into the problem
through the following equation

V2G(R/R0) + co2G(R/R0) = <5(R - R0) with. VG • n - 0
on the boundaries of the chamber. An eigenfunction expansion
of G(R/R0) yields the following functional form

rVJ?/J? ^ V V V JG(R/R0) - L L L
m=0 /=! n = 0 (<*> —nimn )

where Q/lllfI is an orthonormal eigenfunction for the chamber
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Fig. 2 Approximations of the steady-state Mach number variations
for a) a "ramp" distribution; and b) a "Priem-Heidmann" distribution.
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with no flow and homogeneous boundary conditions represented
as

Q.lmn(R) = (l/A /mn
I /2) cos m6Jm(llmr) cos n(nz/L)

A /mn
1/2 is the normalization constant; r\lnm is the corresponding

eigenvalue given as rjlmn
2 = (nn/L)2 + Alm

2; Xlm are the roots of
(d/dr)Jm(klmr)\r=l =0; and /, m, n are, respectively, the radial,
azimuthal, and axial wave numbers.

Rewriting Eqs. (3) and (4) as

Pi' = -
(8)

where f l { and /2>i are R.H.S. of Eqs. (3) and (4), and introduction
of Green's function described previously results in the following
two integral equations. (Details of the development are presented
in the Appendix.)in ["•i = i J JsQ L

3.,«>', «i, «i+1)} - GN(R/R0):

Sinj

co -m*& =

(9)

"i
4,,(^',u,,ii,+1)}

J

ii•> ^Sn0z

(10)

where GN(R/R0) is a modified Green's function given as

GN(R/R0) =
00 OO 00

QN, a particular eigenfunction with wave number /, m, n,
physically represents a particular solution for the acoustic
velocity potential in a closed wall right circular cylinder, and is
presumed to be the acoustic mode closest in functional form
to^.

A successive approximation technique is employed to solve
these integral equations for 0 and N. The first approximation
used is the separation of variables solution for the unlined
chamber (/?c = 0). This first approximation takes the following
form:

ft = (a^cosm^l/^r)!^1-'^^^2-'7} (11)
{a,-, Cf, if/} is a set of constants determined through the boundary
conditions and the matching relationships. Blti, B2i, a,-, Ct are
functions of CD, /?noz and N.

With the preceding first approximation, higher approxima-

tions for cj)'j and the corresponding Nj are obtained from the
integral equations by using the last approximation obtained in
order to evaluate the integrals of Eqs. (9) and (10). These higher
approximations take the following form:

fij = $' + COS M X Z Vlnjm(^lmr} COS n - Z (12)
/ n L

The successive approximation method for evaluation of N7 and
Hln

j was coded into FORTRAN for evaluation on a CDC
6400 digital computer. Input to the computer program included
a Mach number distribution, nozzle response, chamber length,
liner response, liner length, and liner placement.

A 3 x 30 [iln
j matrix was used to approximate the doubly

infinite Fourier-Bessel series for (j)j. This choice of matrix size was
made on the basis of an error study in Ref. 9 and the com-
parison of series terms.

Results
Stability calculations were performed for two general com-

bustion distributions. One distribution involved an even spatial
distribution of combustion creating a linear variation of Mach
number with axial length. This type of distribution is referred
to as a "ramp" distribution (Fig. 2a). The second general distri-
bution that was considered is a more realistic model which was
obtained from a paper by Priem and Heidmann.8 This distri-
bution involves an increasing spread of combustion with axial
distance from the injector (Fig. 2b).

The reference combustor chosen for this analysis had the
following characteristics L/R = 2.7, M^ - 0.33, G - 0.9166 +Of,
X = ±L/R, K = 5.0 + 0/, y = 1.2, and M/ = M^/8.0. This com-
bustor was chosen so as to compare distributed combustion
results with the concentrated combustion solutions of Refs. 9
and 7. Attention was restricted to oscillations of the first
transverse mode type. The acoustic liner boundary condition
was taken to be fie = const (an increase in fie increases the
effectiveness of the liner). This boundary condition is justified
for oscillations with very small amplitudes (as dictated by a
linear theory).10 However, as the amplitude of the oscillations
increase, pc becomes a function of the spatial variables through
the amplitude. This increases the complexity of the mathematics
of the problem, although it can be treated by the integral
method. It would seem more appropriate to include nonlinear
liner effects in a complete nonlinear treatment of the problem.

Results in this study are plotted on the n — i plane, n and i
are related to N by the expression N = n(l — e~il>)T). a)0 is a
reference frequency defined as the fundamental frequency of the
first transverse mode (co0 = 1.841184). i, the time lag, is non-
dimensionalized as i = i*a*/R*.

On the n — i plane combustion responses which produce
n — i values that are above the parabola-shaped neutral stability
curve produce linear growth of the oscillations and below the
curve produce linear decay. The critical point on this curve is the
minimum n. Values of n which are below nmin will produce
decaying oscillations regardless of the value of T.

On Fig. 3, the results of stability calculations which were
made for a "ramp" flow distribution are compared with the
concentrated combustion solutions of Ref. 9. It can be seen from
this figure that distributing the combustion has a marked
stabilizing effect even for an unlined chamber. Also the effective-
ness of the liner is enhanced by spreading out the combustion
sources. Loops which are a characteristic feature of concentrated
combustion solutions do not appear in the distributed com-
bustion results (loops indicate combined longitudinal mode
behavior). Consequently, combined longitudinal mode behavior
is less likely in the distributed combustion case.

A comparison of stability results between the "Priem-
Heidmann" distribution and a "ramp" distribution with the same
exit Mach number for unlined and ^L/R lined combustors is
shown in Fig. 4. The curves shift to the left on the n — i
plane for the "Priem-Heidmann" distribution relative to the
"ramp." However, the minimum n for both cases remains virtually
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Fig. 3 A comparison of stability results
between a concentrated combustion model9
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the same. This indicates that the exact shape of the Mach
number distribution has relatively little importance as far as the
minimum combustion response necessary for instability is
concerned.

One difference in the stability behavior appears between the
"ramp" and the "Priem-Heidmann" distribution. The effect of
placement of liner is more significant when the "Priem-
Heidmann" distribution is used. Figure 5 shows this effect. As
Xv increases (the liner is moved farther from the injector)
stability decreases. The stability shift is small but is clearly
evident. In the "Priem-Heidmann" distribution the driving
abilities of the combustion sources decrease with axial position
from the injector. Thus liner effectiveness is greatest when the
liner is placed with the maximum of driving capacity of the
combustion (location of greatest Mach number gradient).

Conclusions
A stability-oriented integral method for flow with combustion

source discontinuities has been developed and applied to evaluate
the effects of partial length acoustic liners on liquid propellant
combustors. Results of this application imply that an axial

spread of combustion has a significant stabilizing effect. In-
stabilities in this type of flow tend to be of a pure transverse
type with little possibility of combined longitudinal mode
behavior.

A comparison between two types of combustion source distri-
butions indicate that over-all stability is slightly affected by the
positioning of the combustion sources. However, the acoustic
liner is most effective when placed at the location of the greatest
Mach number gradient.

Finally, the integral method developed in this paper is not
limited to the combustion instability problem treated here and
should be applicable to other problems in which confined or
semi-confined flows with sources occur.

Appendix
General Integral Equation

A set of partial differential equations of the type
V20< + a>20,=/(^,r,0,z)

is transformed into a single integral equation with the use of a
Green's function that is continuous throughout the whole region

4.0-

Fig. 4 Comparison of stability results for an
unlined and a \L R lined combustor using the
"Priem-Heidmann" distribution and a "ramp"
distribution with the same exit Mach number. * 2.0-

fi

I 105
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Sensitive Time Lag — r

3.0
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(the total collection of the connected regions to which the <^'s
apply). The standard technique of integral transformation is
made for each member, 0., of the potential differential set with
integrations over the volume and surfaces to which 0f applies.
Summing the resulting set of integrals yields the following
general form:

i = 1 J J JVi

adz

G(fL/R0)f(4t,r,B,z)dVt-

Z = L/R

G(R/R0)

G(R/R0)-

where Vi is the volume of the ith continuous flow region;
Sc. is the surface of the planar combustion source which inter-
connects the ith and the ith +1 regions; Sinj is the injector surface
area; 5noz is the nozzle surface area; and Sc. is the peripheral
surface area within region i.

Because of the eigenfunction expansion of G(R/R0) the right-
hand integral represents a Fourier-Bessel expansion of the dis-
continuous collection of </>/. The first integral on the left-hand
side involves two boundary conditions at the combustion sources
which requires a matching of the potentials and their derivatives.
The last three integrals involve nozzle, injector, and liner
boundary conditions in Eq. (5). (The injector boundary condition
is a function of the combustion response.)

A special treatment of the integral equation can be made if the
integrals are of a homogeneous type as was the case in this

application of the method. Owing to the form of the Green's
function, the potential $ will have an eigenfunction expansion.
One term of this series, QN, will dominate the character of the
solution. Since the amplitude of </> remains undefined we can set

This condition allows a separation of the main integral equation
into two similar equations— one equation for the wave form of
(/> and another equation for the corresponding eigenvalue of the
system.
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